Focusing and splitting of particle streams in microflows via viscosity
  gradients by Laumann, Matthias & Zimmermann, Walter
ar
X
iv
:1
90
3.
11
01
8v
1 
 [c
on
d-
ma
t.s
of
t] 
 26
 M
ar 
20
19
EPJ manuscript No.
(will be inserted by the editor)
Focusing and splitting of particle streams in microflows via
viscosity gradients
Matthias Laumann and Walter Zimmermann
Theoretische Physik I, Universita¨t Bayreuth, 95440 Bayreuth, Germany; E-mail: walter.zimmermann@uni-bayreuth.de
Received: date / Revised version: date
Abstract Microflows are intensively used for investigating and controlling the dynamics of particles, in-
cluding soft particles such as biological cells and capsules. A classic result is the tank-treading motion of
elliptically deformed soft particles in linear shear flows, which do not migrate across straight stream lines
in the bulk. However, soft particles migrate across straight streamlines in Poiseuille flows. In this work we
describe a new mechanism of cross-streamline migration of soft particles. If the viscosity varies perpendic-
ular to the stream lines then particles migrate across stream lines towards regions of a lower viscosity, even
in linear shear flows. An interplay with the repulsive particle-boundary interaction causes then focusing of
particles in linear shear flows with the attractor stream line closer to the wall in the low viscosity region.
Viscosity variations perpendicular to the stream lines in Poiseuille flows leads either to a shift of the par-
ticle attractor or even to a splitting of particle attractors, which may give rise to interesting applications
for particle separation. The location of attracting streamlines depend on the particle properties, like their
size and elasticity. The cross-stream migration induced by viscosity variations is explained by analytical
considerations, Stokesian dynamics simulations with a generalized Oseen tensor and Lattice-Boltzmann
simulations.
1 Introduction
The success of the interdisciplinary field of microfluidics
and its numerous applications in life science and applica-
tions are based also on a thorough understanding of the
dynamics of particles and their distribution in microflows.
[1,2,3,4,5,6] One of the important applications is parti-
cle sorting where besides structured channels also optical,
electrical or magnetic fields are used.[3] Several sorting
strategies rely merely on the interplay between basic hy-
drodynamics of microflows and particle properties, that
cause, for instance, cross-streamline migration (CSM) of
particles. CSM may depend on fluid inertia,[5] on particle
deformability, [7,8,9,10,11,12,13,14,15,16,17] on channel
modulations[18] or on non-Newtonian fluid effects.[19,20,
21,22,23,24] In non-Newtonian flows the action of elastic
effects and spatially varying shear viscosity on particles
come often simultaneously into play, but little is known
about the action of a spatially dependent shear viscosity
on the particle dynamics alone. We describe in this work
a surprising viscosity-gradient driven CSM and the result-
ing focusing of soft-particles, which occurs even in linear
shear flows as indicated in Fig. 1.
Segre´ and Silberberg found quite early that rigid par-
ticles can migrate across straight streamlines to off-center
streamline positions in pipe flows [25]. This type of cross-
streamline migration (CSM) is inertia driven in the range
of intermediate Reynolds number (∼ 1 < Re <∼ 100) and
it is extensively used for sorting of rigid particles (see e.g.
u0(y)
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Figure 1. The two solid lines sketch two trajectories of a soft
capsule (enlarged) in a shear flow u0(y) driven by a moving
upper boundary. The shear viscosity of the fluid increases from
top to bottom (for instance induced by a temperature gradient)
and the capsule migrates towards the region of low viscosity.
Along the attractor (dashed line) the migration to a smaller
viscosity is in balance with the particle repulsion by the upper
boundary.
Ref. [5]). In contrast, deformable particles like capsules
or cells show CSM already on the scale of microchannels
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and in the limit of Stokes flows at very small values of the
Reynolds number. The tank-treading motion of vesicles
or capsules causes near walls the so-called lift force that
drives them away from channel walls in Poiseuille and lin-
ear shear flows [7,8,9,10]. Further away from the walls
in Poiseuille flows one still has a spatially varying shear
rate, which breaks the fore-aft symmetry of deformed par-
ticles, so that dumbbells [26,27,28], droplets [11,12], vesi-
cles and capsules [13,14,15,16] exhibit bulk CSM, even
in unbounded Poiseuille flows where the interaction with
the channel boundaries is neglected. Surprisingly, CSM of
soft particles can be driven also by gravitational effects,
whereby the migration direction depends on relative di-
rections between the flow and the gravitational force [17].
Migration in Newtonian fluids was also found for non-
symmetric soft particles in time-periodic linear shear flows
[29] and even shaken liquids when particle inertia is con-
sidered [30].
Recent studies of particle CSM use besides Newtonian
carrier fluids also visco-elastic fluids. They also break the
fore-aft symmetry and may cause already CSM of rigid
particles.[24] CSM in viscoelastic liquids is often faster
than in Newtonian liquids, which makes non-Newtonian
liquids attractive for applications such as in health care or
biological and chemical analysis.[19,20,21,22,23,24] Par-
ticles in non-Newtonian liquids are sometimes also focused
to positions aside of the channel center even in the limit
of low Reynolds number flows (see e.g. Ref. [21]). Since
in such non-Newtonian liquids shear thinning, leading to
a non-constant viscosity, comes often simultaneously into
play with a fluid elasticity, the specific contribution of a
non-constant viscosity to particle CSM is not clear.
Here we study the effects of viscosity gradients on the
flow profiles and on the particle dynamics, whereby vis-
cosity gradients may be imposed in a controlled way, for
instance, by applying a temperature gradient to fluids [31].
Our modeling approach is described Sec. 2, where also an-
alytical expressions for certain flow profiles and a general-
ized Oseen tensor are given. In Sec. 3 and Sec. 4 we show
by symmetry arguments and numerical simulations, how
a viscosity varying perpendicular to the stream lines of a
linear shear breaks symmetries and induces CSM of cap-
sules already in simple shear flows, in contrast to liquids
with constant viscosity. Two types of viscosity profiles are
investigated for plane Poiseuille flows in Sec. 5, where we
find also a new scenario for particle stream splitting with
interesting applications for particle sorting.
2 Models and Methods
In Sec. 2.1 we consider a constant viscosity gradient per-
pendicular to the flow lines in linear shear flows and plane
Poiseuille flow. We provide for both cases analytical ex-
pressions for the flow profile as solutions of the Stokes
equation with non-constant viscosity. In Sec. 2.2 we present
a generalized Oseen tensor, which takes the first correc-
tion of the viscosity gradient into account. It is used in
the Stokesian dynamics simulations of the capsule and
is derived without the hydrodynamic capsule-wall inter-
actions. The wall effects are taken into account by the
Lattice Boltzmann Method described in Sec. 2.3.
2.1 Stokes-flows
We consider fluids between two boundaries located at y =
0, d and a spatially varying viscosity
η(r) = η0 +Gη · r (1)
with a constant gradient vector
∇η = Gη . (2)
We investigate low Reynolds number flows that are deter-
mined by the Stokes equation
−∇p+∇ ·
{
η[∇u+ (∇u)T]
}
=0 , (3)
with the pressure p and two choices of boundary condi-
tions at y = 0, d.
For a classical shear cell with one moving boundary
the flow field fulfills the boundary conditions:
u(y = 0) = 0 and u(y = d) = Uex . (BC I) (4)
For a pressure driven plane Poiseuille flow with a constant
pressure gradient in x-direction, ∇p = p0ex, we use the
boundary conditions
u(y = 0, d) = 0 . (BC II) (5)
If not stated otherwise, we consider further on a viscosity
gradient in y-direction
η(r) = η0 +Gη,yy (6)
which may be imposed, for instance, by a temperature
gradient perpendicular to the two bounding plates. For
the viscosity gradient, Gη,y 6= 0, and the solution of the
Stokes equation (3) for the boundary conditions BC I gives
a nonlinear y-dependence of the velocity in x-direction
u0(y) = U
ln[y Gη,y/η0 + 1]
ln[dGη,y/η0 + 1]
ex . (7)
It reduces in the limit Gη,y = 0 to the well known linear
shear profile
u0(y) = U
y
d
ex . (8)
For a pressure driven flow between two flat boundaries
with the boundary conditions in Eq. (5) the y-dependence
of the flow u0(y) parallel to the x-axis is given by
u0(y) = U
Cy − d ln
(
Gη,yy
η0
+ 1
)
d
[
1 + ln
(
Cη0
dGη,y
)]
− Cη0
Gη,y
ex ,
with C = ln
(
dGη,y
η0
+ 1
)
. (9)
This gives in the limit Gη,y = 0 the well known parabolic
profile u0(y) = 4Uyd(d− y)ex .
Matthias Laumann and Walter Zimmermann: Focusing and splitting of particle streams via viscosity gradients 3
2.2 Stokesian particle dynamics
The surface of the capsule is discretized with N beads at
the positions ri (i = 1, . . . , N). Their Stokesian dynamics
is described by[32]
r˙i = u0(ri) +
N∑
j=1
Hij ·Fj . (10)
The capsule center is given by rc =
∑N
i=1 ri/N . The force
on bead j is calculated via Fj = −∇jV (r) with V (r)
denoting the total potential (given in the following) and
Hij means the mobility matrix. The mobility matrix is
given by
Hij =
{
1
6piηia
1 if i = j ,
O(ri, rj) otherwise .
(11)
with the Oseen tensorO, the Greens function to the Stokes
equation (3). For a spatially varying viscosity, i. e.Gη 6= 0,
we take the leading correction with respect to the small
quantity
(ri−rj)·Gη
ηj
into account
O(ri, rj) =
1
8piηjRi,j
[(
1−
Ri,j ·Gη
2ηj
)
(
1+ Rˆi,jRˆi,j
)
+
1
2ηj
(
Ri,jGη −GηRi,j
)]
.
(12)
Herein we use ηj = η(rj), Ri,j = ri − rj , ri,j = |Ri,j | and
Rˆi,j =
Ri,j
ri,j
. A small value of
(ri−rj)·Gη
ηj
means that the
spatial deviation of the viscosity on the size of the capsule
is small compared to the local viscosity at the position
of the capsule. It can be estimated by the dimensionless
number
G˜η =
Gη2Rc
ηc
(13)
with the viscosity at the center of the capsule ηc = η(rc)
and the capsule’s radius Rc. In this form of the Oseen ten-
sor the interaction with the walls is neglected. The deriva-
tion of the expression in Eq. (12) is given in SI.
To calculate the forces and the velocity of the cap-
sule on its surface, which is spherical in its equilibrium
shape, it must be discretized (see Fig. 1). We begin with
a regular icosahedron, which has 12 nodes, and refine the
surface iteratively [33]: We add new nodes at the middle
of each edge and shift them to the surface of the sphere,
until we obtain a good resolution. With this discretiza-
tion we can calculate the forces at the surface whereby
we use an elastic force, a bending force and a penalty
force that ensures volume conservation. The elastic force
is modeled by the neo-Hookean law that describes a thin
plate with a constant surface shear elastic modulus Gs
with a potential VNH (for details see Refs. [34,35]). The
bending force follows from the potential Vb [36] with Vb =
κ
2
∑
i,j
(1− cosβi,j) whereby κ describes the bending stiff-
ness and βi,j denotes the angles of the normal vectors
between two neighboring triangles. Furthermore we use
a penalty force that ensures that the volume is approxi-
mately conserved during the simulations [37]. Its potential
is given by Vv =
kv
V0 (V(t) − V0)
2 with the instantaneous
volume V(t), the reference volume V0 and the rigidity kv.
It is useful to measure the capsule’s stiffness with a di-
mensionless number, the capillary number
Ca =
η0Rc
Gs
γ˙ (14)
with (mean) shear rate
γ˙ =
U
d
. (15)
If not stated otherwise we use the following parameters
for the Stokesian dynamics. Parameters of the flow: d=50,
U=0.5, η0=3, Gη = 0.03 eˆy. Parameters of the capsule:
initial position x0=0, y0=d/2, z0=0, forces: kv=3.0, κ =
0.2, Gs = 0.2 (linear shear flow) and Gs = 0.4 (Poiseuille
flow), mean bead distance b = 1.0, Radius Rc = 6.6, bead
radius a = 0.2, time step ∆t = 0.05. This leads to Ca ≈ 1,
|G˜η| = 0.18 at the initial position.
A conversion of the parameters to SI units is obtained
by multiplying them with:
um = 37.88µm, us = 1.89ms, ukg = 2.39 · 10
−11 kg .
(16)
The radius of the capsule is Rc ≈ 250µm, and the plate
distance is d ≈ 2mm. The viscosity of the fluid at the
boundaries (if Gη ‖ −eˆy) corresponds to water at 20
◦C
with η(y = 0) = 1mPas and 60◦C with η(y = d) =
0.5mPas [38,39]. This is a temperature gradient compa-
rable to one discussed in Ref. [31]. The maximal velocity
is U = 1 cm / s.
2.3 The lattice-Boltzmann method
To investigate the particle dynamics without the constraint
of a small viscosity gradient as for the Stokesian dynam-
ics and in order to take also the effects of the bound-
aries on particle dynamics into account we use the lattice-
Boltzmann method (LBM).
We use a LBM with 19 discrete velocity directions
(D3Q19), cf. fig. 2 [40], with the Bhatnagar-Gross-Krook
(BGK) collision operator [41,42]. The equation of the prob-
ability distribution fi(r, t) in velocity-direction i at posi-
tion r is then given by
fi(r + ci∆t, t+∆t) = fi(r, t)−
∆t
τ
(fi(r, t)− f
e
i (r, t))
+ ∆tFi , (17)
whereby τ is a typical relaxation time related to the vis-
cosity of the fluid and Fi contains the external forces[43].
f ei (r, t) is the equilibrium distribution:
f ei (r, t) ≈ ρwi
[
1 +
(ci · u)
c2s
+
(ci · u)
2
2c4s
−
u2
2c2s
]
+ O(u3) (18)
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with the unit vectors ci along the discrete directions for
the i-th velocity. Furthermore we use the equilibrium fluid
density ρ0, the speed of sound in the LBM-system, cs =
1√
3
, and the weighting factors wi [42].
Figure 2. Sketch of the discretized velocity directions of the
D3Q19 model for lattice-Boltzmann simulations.
The probability distribution function allows to calcu-
late the density and the velocity of the fluids via
ρ(r, t) =
∑
i
fi(r, t) , (19)
ρ(r, t)u(r, t) =
∑
i
cifi(r, t) +
1
2
∆tF (r) , (20)
whereby F (r) is the external force density[43]. The vis-
cosity of the fluids is given by
ν(r) = c2s
(
τ(r)−
1
2
)
∆t . (21)
We use a spatial dependent τ(r) to simulate the viscosity
gradient given by Eq. (6).
The external forces are coupled to the flow via the
immersed boundary method [44]. Thereby one has to con-
sider that the nodes on the membrane of the capsule do
not lie on the discrete grid points of the fluid. The force
acting on a node of the capsule’s surface is distributed
to neighbouring fluid nodes with the function φ(∆r) =
φ˜(∆x)φ˜(∆y)φ˜(∆z) and
φ˜(R) =
{
1
4
(
1 + cos(piR2 )
)
if |R| ≤ 2
0 else
. (22)
It is also utilized to calculate the velocity at the nodes of
the capsule’s surface with the velocity of the neighboring
fluid nodes. We use periodic boundary conditions in x and
z-direction and a standard bounce back scheme at the
walls to drive the flow [42].
We use the following parameters for the linear shear
flow: Parameters of the flow: density ρ0=1.0, viscosity
η0 = 1/6 at x = 0, y = 0, z = 0, viscosity gradient
Gη = 0.002 eˆy, velocity of the upper boundary or max-
imum velocity U=0.005, number of nodes in x-direction
Nx=400, number of nodes in z-directionNz=100, wall dis-
tance is d = 100. Parameters of the capsule: initial posi-
tion x0=0, y0=51.5 and z0=49.5, coefficient of the volume
preserving force kv=0.01, bending potential κ = 10
−4,
neo-Hookean coefficient Gs = 10
−4 node distance b = 1.0,
which leads to a radius R = 6.6, number of nodes N = 642
orR = 13.2 withN = 2562. The time step is∆t = 1.0. For
comparison between LBM and Stokesian dynamics simu-
lations besides the same parameters a bead radius a=0.2
is used.
We use the following parameters for the Poiseuille flow.
Parameters of the flow: density ρ0=1.0, viscosity η0 =
1/6 at x = 0, y = 0, z = 0, viscosity gradient |Gη| =
0.009, velocity of the upper boundary or maximum ve-
locity U=0.15, number of nodes in x-direction Nx=400,
number of nodes in z-direction Nz=100, wall distance is
d = 300. Parameters of the capsule: coefficient of the vol-
ume preserving force kv=0.01, node distance b = 1.0 which
leads to a Radius R = 3.3, number of nodes N = 162 or
R = 13.2 with N = 2562, time step ∆t = 1.0, bending
potential κ = 0.17 (large R), bending potential κ = 0.02
(small R), neo-Hookean coefficient Gs = 10
−3 (large R),
neo-Hookean coefficient Gs = 5× 10
−4 (small R).
3 Explanation of ∇η-induced CSM
We develop at first a qualitative explanation of the CSM
induced by a viscosity gradient perpendicular to stream
lines. A viscosity gradient modifies the flow profiles as in-
dicated in Eq. (7) and Eq. (9), i.e. the shear rate across the
particle is not constant but is slightly varying. This varia-
tion of the shear rate is neglected for the qualitative expla-
nation here. We show that the CSM is directly caused by
the ∇η-induced modifications of the friction forces acting
on the particle’s surface and not indirectly by the varying
shear rate (this is also confirmed by simulations, cf. SI).
We consider at first a spherical capsule. Without a
viscosity gradient, the capsule rotates due to the linear
shear flow (see Eq. (8) and Fig. 3 (a)) and its center rc
follows a flow line. [32,16,13] The velocity at the capsule’s
surface in the comoving frame is given by u˜s(r˜) = ω × r˜
with r˜ = r − rc, ω =
1
2∇× u0 and the shear flow in the
comoving frame u˜0(y˜) = Uy˜/dex . The friction forces F(r˜)
between the capsule and the fluid can be calculated by
solving Eq. (10) for the forces Fj = F(r˜j) . In the following
we show how this friction force is affected if this rotation
is performed in the presence of a viscosity gradient.
A spherical capsule in a linear shear flow without vis-
cosity gradient has symmetries: The spherical capsule is
invariant under a reflection at the x˜z˜- or y˜z˜-plane. Also
the flow’s magnitude is equal after these reflections, but
the flow changes its sign, cf. Fig. 3 (a). Therefore the ve-
locity and the friction at the surface of the capsule have
the same symmetries: At the mirrored position r˜′ of r˜ at
the x˜z˜-plane we get Fx(r˜
′) = −Fx(r˜) and Fy(r˜′) = Fy(r˜)
(analogously at the y˜z˜-plane). The direction of the friction
forces from the fluid on the capsule is indicated in Fig. 3
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Figure 3. A rigid capsule is rotating due to the shear flow
u˜0(y) with velocity u˜s(r) at its surface (comoving frame, with-
out gradient) (a). This leads to friction forces F(r˜) (orange
arrows), but the sum of these forces is zero because of the
symmetry to the x˜z˜- and y˜z˜-plane. This motion in presence
of a viscosity gradient Gη ‖ eˆy (black) leads to higher friction
forces on one half than on the other (orange arrows and color
of surface) (b). This asymmetry causes a net force Fnet (red)
which is oriented in flow direction, i.e. it causes no CSM. A soft
capsule is deformed and performs a tank-treading motion (c)
in a linear shear flow (shown without a gradient). Due to its
ellipsoidal shape it is not symmetric to the x˜z˜- and y˜z˜-plane,
but has a point symmetry that prevents a net force. A gradient
(d) breaks the point symmetry and leads to a net force with
a component perpendicular to the flow. This results in a CSM
towards regions with a lower viscosity.
(a). As example at the point of the capsule with the high-
est y-value the friction force points in positive x-direction
and at the point with the lowest y-value the force points
in negative x-direction and has the same magnitude. This
symmetry determines the net force via
Fnet,x =
∮
FxdA =
∫
y>yc
FxdA+
∫
y<yc
FxdA
=
∫
y>yc
FxdA−
∫
y>yc
FxdA = 0 , (23)
Fnet,y =
∮
FydA =
∫
x>xc
FydA+
∫
x<xc
FydA
=
∫
x>xc
FydA−
∫
x>xc
FydA = 0 , (24)
whereby
∫
y>yc
dA denotes an integration over the half
sphere on the side of the xz-plane with y > yc. The sym-
metries show that the force on one half of the sphere has
the opposite direction of the force on the other half. Thus
the net forces is zero for a constant viscosity. Furthermore
the system is symmetric to the x˜y˜-plane which prevents a
force in z-direction:
Fnet,z = 0 . (25)
We discuss now the effect of a viscosity gradient oriented
perpendicular to the flow direction and in the shear plane,
i. e. Gη ‖ eˆy as shown in Fig. 3 (b). With the viscosity
gradient the friction at the upper half of a rigid spherical
capsule (y > yc), which is directed in positive x-direction,
is higher due to the higher viscosity than at the lower
half (y < yc), which is directed in negative x-direction.
Because the magnitude of the friction is not equal at both
halves the symmetry used to derive Eq. (23) is broken.
Thus a net force is caused by the rotation in presence of
the viscosity gradient, even in a linear shear flow.
But the magnitude of the friction still has a symmetry
to the y˜z˜-plane. This can be seen with Fig. 3 (b) by com-
paring the left part of the capsule (x < xc) and the right
part (x > xc). Both halves are symmetric because the
viscosity increases in y-direction and not in x-direction.
Thus the symmetry used in Eq. (23) is broken, but eqs.
(24) and (25) are still valid. Therefore, the net force is ori-
ented in x-direction, i.e. Fnet is parallel to the flow. Thus a
rigid sphere shows migration along the flow direction but
no CSM. The effects of further possible directions of the
viscosity gradient on rigid particles are discussed in SI.
The behavior of a deformable capsule is different. Its
tank-treading motion and shape obtained by simulations
in a linear shear flow without a viscosity gradient is shown
by Fig. 3 (c). The capsule adopts an ellipsoidal shape with
its major axis inclined with respect to the flow direction.
The capsule’s center follows the flow direction. The fric-
tion forces are calculated in the same way as for a rigid
capsule. The main difference to the rigid capsule is the
ellipsoidal shape, which has no mirror symmetries with
respect to the x˜z˜- and y˜z˜-plane. But the deformed shape
and the shear flow have both a point symmetry to the
capsules center (see Fig. 3 (c)) and a symmetry to the
x˜y˜-plane. The friction force has the same symmetry. As
example the friction force at two points is shown in Fig.
3 (c). At the points with the highest y-value the friction
force from the flow on the ellipsoidal, tank-trading parti-
cle points in positive x- and negative y-direction. At the
mirrored points with the lowest y-value the force points in
negative x- and positive y-direction. Thus eqs. (23), (24)
and (25) can also be used in case of a deformable capsule,
which means Fnet = 0 for a constant viscosity.
We discuss now the effect of a viscosity gradient per-
pendicular to the flow direction and in the shear plane
Gη ‖ eˆy (other orientations: see SI). The symmetry with
respect to the center is broken and eqs. (23) and (24) are
not valid in this case. This is shown in Fig. 3 (d): The force
at the point with the highest y-value at the high viscosity,
which points in positive x- and negative y-direction, has
a higher magnitude than the mirrored force. This leads to
a non-zero net force Fnet which is oriented in positive x-
and negative y-direction. The system still has a symmetry
to the x˜y˜-plane, so that Eq. (25) is still valid and the net
force has no z-component. The negative y-component of
the net force leads to a CSM towards the lower viscos-
ity. Note that this is different to the rigid capsule, whose
symmetry to the y˜z˜-plane prevents a force in y-direction.
Thus a CSM due to a viscosity gradient is found only if
the capsule is soft.
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4 CSM in a shear flow
Here we confirm by simulations the qualitative reasoning
described in the previous section, that a finite viscosity
gradient, ∇η, causes a CSM of deformable particles al-
ready in simple shear flows. We use a generalized Oseen
tensor given by Eq. (12), which takes the leading order
effects of ∇η into account, and determine in Stokesian-
dynamics simulations the capsule’s CSM velocity as func-
tion of parameters. By LBM simulations of a capsule we
evaluate the validity range of these approximate results
and we show that capsules in shear flows with ∇η 6= 0 are
focused to an attractor streamline.
4.1 Numerical results on ∇η-induced bulk migration
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R
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G
~
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U < 0
Figure 4. The migration velocity vm,y in units of 2γ˙Rc as
function of the dimensionless viscosity gradient G˜η,y . The CSM
is directed towards the lower viscosity as sketched in Fig. 3 and
it is independent of the sign of U , i. e. independent of the flow
direction.
In Stokesian dynamics simulations we use the nonlin-
ear shear flow profile given by Eq. (7) and the generalized
Oseen tensor given in Eq. (12). We simulate trajectories
yc(t) of the capsule and determine by linear fits to the
slope of capsule trajectories yc(t) the cross-stream migra-
tion velocity vm,y. The resulting vm,y of capsules is shown
in Fig. 4 as function of the dimensionless viscosity gra-
dient G˜η,y. The CSM velocity in Fig. 4 decreases nearly
linearly with |G˜η,y| and is oriented as explained in the
previous section, cf. Fig. 3. In addition, the migration is
directed towards the lower viscosity and does not depend
on the flow’s direction, i.e. it is independent on the sign
of U . The nonlinear y-dependence of the flow velocity in
Eq. (7) and therefore the spatially varying velocity gradi-
ent causes in Fig. 4 only a slight deviation of vmy from
a linear dependence on G˜η at small values of |G˜η,y| (a
more detailed comparison of the CSM in both flow pro-
files is given in the SI). This justifies the assumption of a
constant velocity gradient across the capsule used in the
previous section 3.
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Figure 5. The migration velocity vm,y is given in units of 2γ˙Rc
and as function of the capillary number Ca given by Eq. (14).
The migration vanishes at a high capsule-stiffness Ca≪ 1 and
increases with Ca.
Fig. 5 shows the dependence of the migration velocity
on the stiffness of the capsule: The CSM decreases with
increasing stiffness and vanishes at small values of the cap-
illary number Ca≪ 1 given in Eq. (14). This underlines
the importance of the deformability of particles for their
cross streamline migration (see also Fig. 3).
The generalized Oseen tensor in Eq. (12) takes into
account the first order correction with respect to the vis-
cosity gradient, i.e. it is valid for small values of |G˜η|.
To estimate the validity range of this approximation we
compare the CSM velocity vm,y as obtained by Stokesian
dynamics simulations using the generalized Oseen tensor
in Eq. (12) with that obtained by Lattice-Boltzmann sim-
ulations of capsules. In order to keep in LBM simulations
the interaction of the capsule with the boundary small,
we positioned it in the middle of the flow cell between the
two boundaries. In addition we have chosen a small ra-
tio between the capsule’s diameter and the wall distance
2Rc
d
≈ 0.13. Furthermore a sufficiently small Reynolds
number Re= ρURc
η0
≈ 0.2 was chosen in LBM simulations
to match the low Reynolds number regime of the Stoke-
sian dynamics simulations. The flow is simulated for the
boundary condition given by Eq. (4) and the viscosity gra-
dient points into the direction perpendicular to the bound-
aries.
The migration velocities resulting from both simula-
tions are shown in Fig. 6. The simulation results for the
capsule with the generalized Oseen tensor and those ob-
tained via the LBM agree well in the range of small values
of |G˜η| and the deviation increases with |G˜η|. For exam-
ple at |G˜η| / 0.15 the relative error is below 10% and at
|G˜η| / 0.18 the error is below 20%.
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Figure 6. The CSM velocity vm,y is determined by Stoke-
sian dynamics simulations (dashed) and by Lattice-Boltzmann
simulations (solid). The expansion up to leading order of the
viscosity gradient G˜η, as used in Stokesian dynamics simula-
tions, leads for vm,y to an error less than 10% if |G˜η| / 0.15
compared to the LBM.
4.2 Particle focusing to an attractor streamline
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Figure 7. The migration velocity of a soft capsule in a flow
with viscosity gradient and the boundary conditions in Eq. (4)
is determined by the LBM as function of the initial position
yc for two different particle radii Rc. Far away from the walls
the particle migrates due to the viscosity gradient towards the
lower viscosity, i.e. towards the plate at y = 0. Close to the
walls the repulsive wall interaction dominates, which leads to a
migration away from the walls. Hence there is a stable position,
i.e. an attractor off center, that depends on the particle’s size.
It is located at y ≈ 0.37d with 2Rc/d = 0.13 and at y ≈ 0.41d
with 2Rc/d = 0.26.
The LBM includes the hydrodynamic interaction of
the capsule with the walls, which causes a so-called lift
force that repels the capsule from walls and that depends
on the capsule-wall distance [7,8,9]. The interplay with
the lift force causes a y-dependent migration velocity as
shown for two capsules with two different radii in Fig. 7.
The dimensionless gradient ranges in this case from Gy =
0.16 (at y = 0) to G˜y = 0.07 (y = d) with Rc = 6.6 and
with Rc = 13.6 from G˜y = 0.14 to G˜y = 0.32. The CSM
caused by ∇η and the wall repulsion balance each other
in the range of the lower viscosity and at this value of y
the migration velocity vm,y vanishes. The location of this
attractor position depends on the capsule size. We find the
attractor at y ≈ 0.37d for 2Rc/d = 0.13 and y ≈ 0.41d for
2Rc/d = 0.26.
5 Simulation of CSM in Poiseuille flow
Capsules and red blood cells migrate in a Poiseuille flow,
driven by the spatial varying shear gradient across a soft
particle, usually to the center of the flow channel. [13,14,
15,16] If one has a viscosity gradient perpendicular to the
boundaries across a plane Poiseuille flow, the ∇η induced
migration has in the whole cell the same direction i. e. the
∇η induced migration either supports or acts against the
common center directed migration. This interplay is inves-
tigated by Stokesian dynamics simulation in unbounded
(bulk) Poiseuille flows and by LBM simulations, where
boundary effects are included.
If a constant ∇η is used, e.g. induced by a tempera-
ture gradient across the flow, then the maximal velocity
of a Poiseuille flow is shifted towards the lower viscosity.
We study here the migration in such a flow profile. How-
ever, also with shear thinning fluids a viscosity gradient
can be generated. It is well known from shear thinning
fluids, that the viscosity has its maximum in the center
of a Poiseuille flow and decreases towards the walls. Par-
ticle migration is recently studied also in Non-Newtonian
fluids, whereby in these works besides shear-thinning ef-
fects also elastic effects are considered to be important.
In order to contribute to the understanding of CSM of
soft particles in shear thinning fluids, we mimic also shear
thinning fluids by studying the effects of a viscosity on the
migration behavior of a capsule, where the viscosity has
its maximum in the channel center and decays linearly to
the boundaries.
5.1 Migration in unbounded Poiseuille flow induced by
∇η = const.
Here we consider as in the previous section a capsule in
a fluid with constant viscosity gradient along the y-axis (
e.g. generated by a temperature gradient) given by Eq. (6)
but now with a Poiseuille flow profile given by Eq. (9).
We simulate the capsule’s Stokesian dynamics by using
the generalized Oseen tensor given in Eq. (12). With the
flow profile in Eq. (9) the simulations focus on the behav-
ior of the capsule in the bulk of a Poiseuille flow, where
the hydrodynamic interactions between the capsule and
the wall are negligible. This allows a direct comparison
between the well known bulk CSM in Poiseuille flow (see
e.g. Refs. [14,16]) and the ∇η induced CSM.
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Figure 8 shows the migration velocity of the capsule
as function of its y position with and without a viscosity
gradient. For G˜η,y = 0 the capsule migrates to the center
and the related CSM velocity vm,y is indicated by the
dashed line.
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Figure 8. The migration velocity vm,y/(2γ˙Rc) of a capsule in
the distorted Poiseuille flow profile given by Eq. (9) is shown.
It is obtained by Stokesian dynamics simulation as function
of the capsule position y/d. The CSM is calculated for two
viscosity gradients, one pointing to negative and the other into
the positive y-direction as well as with a vanishing viscosity
gradient. Without a gradient the capsule migrates towards the
center as expected (see e.g. Refs. [14,16]). In the case of a
viscosity gradient the capsule migrates again towards the lower
viscosity, besides a small region close to the center, where the
shear rate of the flow profile in Eq. (9) vanishes.
With a gradient in negative y-direction, i.e. G˜η,y < 0,
the viscosity ranges from η(y = 0) = 3 to η(y = d) = 1.5.
The CSM velocity for this case is given by the solid line in
Fig. 8. The ∇η effect enhances in a range of smaller y the
CSM velocity to the center, i.e. in positive y-direction.
Near the channel center at y = 0.54d the flow has its
maximal velocity and the shear rate of the flow field given
by Eq. (9) vanishes. At this position the ∇η induced mi-
gration vanishes too and the migration directed to the
channel center dominates. Thus capsules with an initial
position y0 / 0.7 d migrate until they reach the attrac-
tor near the center. At initial positions y0 ' 0.7 d the ∇η
induced outward migration dominates and the capsules
migrate away from the center. This outward migration is
near y = d approximately up to 8 times faster than the
center oriented one.
With a gradient in positive y-direction the viscosity
ranges from η(y = 0) = 3 to η(y = d) = 4.5. The situation
is similar and the migration is also directed to the region
of the lower viscosity, which is now located at the plate
at y = 0. Therefore we get vm,y < 0 again besides the
region close to the center. Capsules with an initial position
y0 ' 0.25 d migrate to the attractor close to the center at
y = 0.44 d and capsules with y0 / 0.25 d migrate to the
wall at y = 0.
5.2 Migration in bounded Poiseuille flow induced by
∇η = const.
Here we describe results of LBM simulations of a capsule
for ∇η = const. and the flow field boundary conditions
given in Eq. (5). Figure 9 (a) shows the spatial dependence
of the flow velocity and the linear increase of the viscos-
ity. This demonstrates that the maximum flow velocity in
Poiseuille flow is shifted towards the lower viscosity.
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Figure 9. (a) The spatial dependence of the flow velocity
u0,x(y) (solid line) and the viscosity for a linear increase of the
viscosity between both boundaries (dashed line). The maximal
velocity is shifted towards the region with the lower viscosity.
(b) The spatial dependence of the migration velocity with wall
interaction for two different capsule radii Rc. The attractor
with vanishing vm,y is shifted towards the lower viscosity due
to the shift of the maximal flow velocity.
The Fig. 9 (b) shows the migration velocity vm,y as
function of yc/d. In contrast to the case without wall in-
teraction (cf. Fig. 8) only the attractor at the maximal
flow velocity and no repeller is found. The reason is that
wall induced repelling lift force is stronger than the ∇η in-
duced migration to large values of y, even at higher values
of G˜y . The shift of the attractor with vm,y = 0 to smaller
values of y than the channel center has its origin in the
shift of the maximal flow velocity to smaller values of y.
Hence, in the presence of walls the capsule migrates always
to one attractor that is shifted away from the flow center
by the constant viscosity gradient. However, the migration
velocity is larger in the presence of the viscosity gradient.
5.3 Particle attractor splitting induced by ∇η 6= const.
Here we study the capsules dynamics by LBM simulations
in a viscosity profile that is maximal at the channel center
and decreases linearly towards the walls, as indicated by
the dashed line in Fig. 10 (a). A decay of the shear viscos-
ity in Poiseuille flow is known for shear thinning fluids and
the viscosity profile in Fig. 10 (a) is a very simple mimicry
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of the shear viscosity of shear thinning fluids. For this vis-
cosity profile one obtains in simulations a Poiseuille flow
profile, cf. solid line in Fig. 10 (a), which is flattened near
the channel center similar as for shear thinning fluids.
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Figure 10. (a) The spatial variations of the shear viscosity
(dashed line) and the flattened velocity profile u0,x(y) (solid
line). (b) The y-dependence of migration velocity as obtained
by LBM simulations of a capsule for two different radii. For
the smaller particle radius a second attractor emerges.
The migration velocity of capsules in this viscosity pro-
file is shown in Fig. 10 (b) for two different radii of the
capsule. The attractor at the channel center is not shifted
by this viscosity profile, because the shear rate vanishes at
the channel center and the ∇η induced migration as well.
In this region close to the center the center directed mi-
gration dominates. However, for the smaller capsule with
2Rc/d = 0.02 the migration velocity, represented by the
solid line in Fig. 10 (b), changes on each side of the chan-
nel center two times its sign. At the outer zero of vm,y
an additional particle attractor has emerged. It is caused,
similar as for the linear shear flow in the previous section
4.2, by the interplay between outward directed∇η induced
migration, which outweighs here the center directed mi-
gration, and the wall repulsion. This is similar also to the
unbounded flow, where the outward directed ∇η induced
migration can overcome the center migration (cf. Fig. 8).
Between two neighboring attractors the vanishing migra-
tion velocity vm,y marks a particle repeller.
The emergence of the off-center attractors enables in-
teresting applications. If in a viscosity profile, similar as in
Fig. 10 (a), particles of different sizes are injected near one
boundary, the larger ones migrate to the attractor at the
channel center and the smaller ones may stay along the
off-center attractor. I. e. at the end of the channel particles
of different size or elasticity (cf. Fig. 3 and Fig. 5) are sep-
arated. This is a interesting new concept in microfluidics
for the separation of different soft particles.
In investigations with viscoelastic fluids a particle mi-
gration to off-center attractors has been reported before
[19,20,21,22,23,24] and it is not always clear whether this
type of migration is driven more by elastic or viscosity ef-
fects. Here the mechanisms of an outward directed migra-
tion to an off-center attractor, driven by the ∇η effects,
are rather clear. Therefore, our model with the viscosity
profile shown Fig. 10 (a), may help for an improved un-
derstanding of CSM in viscoelastic fluids.
6 Discussion and conclusions
We investigated the effects of a spatially varying viscosity
on the flow profile in shear and Poiseuille flow and we de-
scribed a novel viscosity-gradient driven cross-streamline
migration (CSM) of soft capsules, which represents de-
formable particles. A viscosity gradient in microfluidic de-
vices may be induced, for instance, by a temperature gra-
dient [31].
For the Stokesian dynamics simulations of capsules we
determined flow profiles that take a constant viscosity gra-
dient into account. We also derived for these simulations a
generalized Oseen tensor that includes the viscosity gradi-
ent. These results may be also utilized in other approaches
such as the boundary integral method [45] or in simula-
tions of microswimmers [46], polymers [47] and colloids
[32].
Rigid and soft particles in liquids of constant viscos-
ity do not migrate across the streamlines in linear shear
flows [16]. We have shown by symmetry arguments how
the interplay between the particle deformability and the
Stokes-friction forces, that vary according to a viscosity
gradient across a particle, leads to cross-streamline migra-
tion of deformable capsules in simple shear flows towards
the region of lower viscosity. This reasoning may also ap-
ply to the particle dynamics in non-Newtonian fluid flows,
whereby in this case often elastic effects have to be taken
into account as well. Our prediction on the basis of sym-
metry arguments are confirmed by Stokesian dynamics
simulations. By Lattice Boltzmann simulations, where the
particle wall interactions are taken into account, we also
show that the interplay between this viscosity-gradient
induced migration and the hydrodynamic wall repulsion
causes even in linear shear flows a focusing of particles
to an attractor streamline in the low viscosity region as
indicated in Fig. 1. The location of the attractor depends
on the strength of the viscosity gradient and the particle
properties. This predicted focusing may have interesting
applications.
We investigated CSM also in Poiseuille flows for two
different viscosity gradients. A constant viscosity gradient
across plane Poiseuille flow may be induced again by a
temperature gradient across a flow cell. CSM in the pres-
ence of a viscosity gradient is much faster than without
a gradient. As example we showed that the viscosity gra-
dient, that corresponds to water with a temperature dif-
ference of 40◦C between the boundaries at a distance of 2
mm, can already enhance the migration velocity by up to
a factor 8. Such gradients are reported from experiments
[31], also higher viscosity gradients can be achieved with
e.g. sucrose in water [48]. Besides the faster migration, also
the location of the particle attractor in Poiseuille flow is
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affected by the viscosity gradient: It is shifted away from
the center of a Poiseuille flow. The major reason for this
shift is, that the location of the maximum of flow profile
and therefore the position of zero shear rate is shifted to-
wards the region of lower viscosity, which also shifts the
position of the attractor. Thus the location of the particle
attractor can be controlled by the viscosity gradient in a
Poiseuille flow as well.
Shear thinning fluids in Poiseuille flows display a vari-
ation of the viscosity gradient with a maximum of the
viscosity at the channel center. We described the viscosity
landscape of shear thinning fluids in a simplified manner.
At the channel center we also have chosen the viscosity
maximum and a linear decay towards the channel bound-
aries. In order to focus to the effects of viscosity gradi-
ents, we have neglected further possible effects in complex
fluids, such as elastic forces. The assumed viscosity land-
scape changed the CSM velocity as function of the dis-
tance from channel center considerably, compared to flu-
ids with constant viscosity. Moreover, the CSM induced
by stronger viscosity gradients dominates and drives in a
larger off-center region of the channel cross section par-
ticles towards the boundaries. In this range the interplay
with particle-wall repulsion may even cause, besides the
particle attractor at the channel center, two further off-
center particle attractors. These attractors are found for
smaller but not for larger soft particles. A similar behav-
ior was also found in experiments with visco-elastic liquids
[24,21]. Here we can identify the appearance of off-center
particle attractors in a unique manner with the viscosity
gradient. Our insights may contribute to a further under-
standing of cross-streamline migration in complex liquids
in straight and possibly in wavy channels [18].
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